Abstract. The Poitou-Tate sequence relates Galois cohomology with restricted ramification of a finite Galois module M over a global field to that of the dual module under the assumption that #M is a unit away from the allowed ramification set. We remove the assumption on #M by proving a generalization that allows arbitrary "ramification sets" that contain the archimedean places. We also prove that restricted products of local cohomologies that appear in the Poitou-Tate sequence may be identified with derived functor cohomology of an adele ring. In our proof of the generalized sequence we adopt this derived functor point of view and exploit properties of a natural topology carried by cohomology of the adeles.
1. Introduction 1.1. Poitou-Tate for Galois cohomology with restricted ramification. One of the core results of global arithmetic duality is the Poitou-Tate exact sequence of Galois cohomology groups: 
where K is a global field, Σ is a possibly infinite set of places of K containing the archimedean places, GalpK Σ {Kq is the Galois group of the maximal unramified outside Σ subextension K Σ {K of a separable closure K s {K (a choice of which is fixed), M is a finite continuous GalpK Σ {Kq-module whose order is a unit at all places not in Σ, the restricted product is with respect to the unramified subgroups, and M D :" Hom Z pM, Q{Zp1qq is the dual of M .
The Poitou-Tate sequence (‹) is proved in [Mil06, I.4 .10] and is useful in many contexts. However, its requirement that #M be a unit outside Σ may be restrictive if char K ą 0. The goal of this paper is to dispose of this requirement by proving a generalization of (‹) and to offer another, possibly more conceptual, interpretation of the restricted products appearing in (‹). Our generalization allows new Σ even in the number field case, and it also gives a different proof of the exactness of (‹).
are needed in § §4-6. Likewise, a reader who is interested in the proof of (‹) but would prefer to take H n pA PΣ K ,´q to mean ś 1 vPΣ H n pK v ,´q may skip § §2-3 entirely and start with §4. In §4 we prove arithmetic duality results that are key for the proof of (‹); §4 is also the place where the input from [Čes14a, §2] mentioned in Remark 1.4 enters the picture (through Lemma 4.4). In §5 we show that the sequence (‹) is a quick consequence of the results of §4. In §6 we include a proof of the Cassels-Poitou-Tate sequence in the generality permitted by (‹). This sequence with finite Σ has played instrumental roles in the proofs of a number of results on the arithmetic of abelian varieties, so it seems worthwhile to record in §6 its generalization that allows arbitrary Σ. We conclude the paper by showing in Appendix A that (‹) indeed generalizes (‹).
1.7. Notation. The following notation is in place throughout the paper: K is a global field; if char K " 0, then S is the spectrum of the ring of integers of K; if char K ą 0, then S is the proper smooth curve over a finite field such that the function field of S is K; a place of K is denoted by v, and K v is the resulting completion; if v is nonarchimedean, then O v and F v are the ring of integers and the residue field of K v . We fix a set Σ of places of K that contains the archimedean places. For a finite subset Σ 0 Ă Σ that contains the archimedean places, we set A PΣ
For example, if Σ is the set of all places, then A PΣ K is the ring of adeles A K , and if Σ is finite, then
We identify the closed points of S with the nonarchimedean v. For an open U Ă S, the notation v R U signifies that v does not correspond to a point of U (and hence could be archimedean). We denote by U X Σ the set of those places in Σ that correspond to a point of U . We write S´Σ for the Dedekind scheme that is the localization of S away from Σ, i.e., S´Σ " lim Ð Ý U where U ranges over the nonempty opens of S with SzU Ă Σ. We say that such a U contains S´Σ.
1.8. Conventions. For a field F , a choice of its algebraic closure F is made implicitly. Likewise implicit are the choices of embeddings K ãÑ K v . All the cohomology other than profinite group cohomology is computed in the fppf topology, but we implicitly use [Gro68, 11.7 1˝q] (or [Čes14c, B.16] in the algebraic space case) to make identifications with étale cohomology; further identifications with Galois cohomology are likewise implicit. Derived functor H n is taken to vanish for n ă 0. The neutral class of a nonabelian H 1 is denoted by˚.
All actions and homogeneous spaces (and hence also torsors) are right instead of left unless noted otherwise. Algebraic spaces are not assumed to be quasi-separated. We implicitly use [SP, 04SK] to ensure that sheaves at hand, e.g., torsors under group algebraic spaces, are representable by algebraic spaces. For a scheme T , a T -group algebraic space G, and an fppf cover T 1 {T , the set of isomorphism classes of G-torsors trivialized by T 1 is denoted by H 1 pT 1 {T, Gq; we implicitly use the cocycle point of view to identify H 1 pT 1 {T, Gq with a subquotient of GpT 1ˆT T 1 q under an action of GpT 1 q.
In this paper 'locally compact' means that every point has a compact neighborhood. Neither compact nor locally compact spaces are assumed to be Hausdorff. The Pontryagin dual of a locally compact Hausdorff abelian topological group A is denoted by A˚. Topology on cohomology of local fields (resp., on cohomology of adele rings) is always the one defined in [Čes14c, 3.1-3.2] (resp., in §3.1). 
Cohomology of the adeles as a restricted product
We prove in Theorem 2.19 that under suitable hypotheses on the coefficients, the cohomology of the adeles A K decomposes as a restricted product of local cohomologies. In § §4-6, we will use this with a commutative finite K-group scheme as coefficients. However, even in this case the proof leads to considering more general coefficients, for which the restricted product conclusions are interesting themselves (as illustrated by Corollaries 2.6 and 2.14). It therefore seems better to carry out the discussion of § §2-3 in its natural level of generality.
To avoid cluttering the arguments below with repetitive citations, we begin by recording two lemmas.
Lemma 2.1. Let I be a directed partially ordered set, pT i q iPI an inverse system of quasi-compact and quasi-separated schemes, i 0 P I, and G i 0 a locally of finite presentation T i 0 -group algebraic space. Suppose that the maps T i 1 Ñ T i are affine and set T :" lim Ð Ý T i , which is a scheme by
Then the pullback maps induce isomorphisms
for n ď 1, and also for n ě 2 if G is commutative.
Proof. We treat the cases n " 0, n " 1, and n ě 2 in (0), (1), and (2) below, respectively. q T i and T 1 :" pT 1 i 0 q T . By the n " 0 case applied to pT 1 i q iPI , to pT 1 iˆTi T 1 i q iPI , and to
The claim results by varying i 0 and T 1 i 0 in (2.1.1).
(2) The proof of [SGA 4 II , VII, 5.9] based on topos-theoretic generalities of [SGA 4 II , VI] and written for étale cohomology with scheme coefficients continues to work for fppf cohomology with algebraic space coefficients (reasoning as in the n " 0 case for the limit formalism).
Lemma 2.2. In the setup of Lemma 2.1, let X i 0 be a T i 0 -algebraic space of finite presentation. Set X :" pX i 0 q T and X i :" pX i 0 q T i for i ě i 0 . If X Ñ T is separated, or is proper, or is flat, or is smooth, or has geometrically connected fibers, then the same holds for X i Ñ T i for large enough i. We turn to the setup for interpreting the cohomology of the adeles as a restricted product. By Lemma 2.1, for n ď 1, and also for n ě 2 if G is commutative, the pullback maps
for varying Σ 1 0 give rise to the comparison map
whose target does not depend on the choices of Σ 0 and G Σ 0 .
We seek to prove in Theorems 2.13 and 2.17 that the comparison map (2.3.2) is bijective in many cases, in particular, if
Although in practice the latter is the only case of interest, its proof relies (through the proof of Proposition 2.12) on the flexibility gained by allowing general G as above.
Our methods exploit the following lemma, whose case of local R i would suffice for us.
. For a set of rings tR i u iPI and a quasi-compact and quasi-separated Z-algebraic space X, the natural map Xp
The proofs in this section could be simplified significantly if Lemma 2.4 stayed true for X that are algebraic stacks instead of algebraic spaces. However, Lemma 2.4 fails for such X: see [Bha14, 8.4 ].
Proposition 2.5. For n " 0 (resp., n " 1), (2.3.1) and (2.3.2) are bijective (resp., injective).
Proof. It suffices to treat (2.3.1). For n " 0, apply Lemma 2.4. For n " 1, combine Lemma 2.4 applied to torsors under inner twists of
with a standard twisting argument [Gir71, III.2.6.3].
Corollary 2.6. There are no nontrivial vector bundles on Spec A K .
Proof. Proposition 2.5 allows us to infer the vanishing of H 1 pA K , GL m q from the vanishing of
We start building up for Proposition 2.12, which is a key step towards Theorem 2.13. Lemma 2.7, whose part (b) extends Lang's theorem [Lan56, Thm. 2], will be helpful throughout § §2-3.
Lemma 2.7. Let k be a field, G a finite type k-group scheme, and X a homogeneous space under G.
(a) If k is perfect and G is finite connected, then #Xpkq " 1.
(b) If k is finite and X is geometrically connected, then Xpkq ‰ H.
(c) If k is finite and G is connected, then H 1 pk, Gq " t˚u.
(d) If k is finite and G fits into an exact sequence 1 Ñ G 1 Ñ G Ñ G 2 Ñ 1 of k-group schemes of finite type with G 1 commutative, then H 1 pk, Gq Ñ H 1 pk, G 2 q is surjective.
(e) If k is finite and G is commutative, then H n pk, Gq " 0 for n ě 2.
Proof.
(a) Use the étale sheaf property of X to pass to a finite, and hence separable, extension k 1 of k to reduce to the Xpkq ‰ H case. Then reduce further to the k " k case. If k " k, then the singleton Gpkq acts transitively on Xpkq, and the claim follows.
(b) Due to geometric connectedness, X is a homogeneous space under the identity component G 0 , so we assume that G is connected. We will sometimes use the following lemma implicitly.
Lemma 2.8 ([Art69, 4.2]).
For a field k, every quasi-separated k-group algebraic space locally of finite type is a scheme.
Lemma 2.9. For a Henselian local ring R with a finite residue field F and a flat R-group algebraic space G of finite presentation, H n pR, Gq vanishes if n " 1 and G is smooth with connected G F , and also if n ě 2 and G is commutative.
Proof. By [Čes14c, B.10] and [Čes14c, B.12] (which is based on [Toë11, 3.4]), H n pR, Gq Ñ H n pF, Gq is injective, so Lemma 2.7 (c) and (e) (together with Lemma 2.8) give the claim.
Lemma 2.10. Let T 1 Ñ T be a finite étale morphism of schemes. For a T 1 -algebraic space X 1 , let X denote the restriction of scalars Res T 1 {T X 1 (which is a T -algebraic space by [SP, 05YF] ). If a
Proof. Since Res T 1 {T commutes with fiber products and base change in T , we only need to prove the quasi-compactness claim and may work étale locally on T . Limit arguments therefore permit us to assume that
Lemma 2.11. Let T be a quasi-compact scheme and X a T -algebraic space of finite presentation. There is an m X P Z ą0 such that for each geometric fiber X t of X Ñ T , the underlying topological space |X t | has at most m X connected components.
Proof. Replace T by an affine open to reduce to the case when T is affine. In this case, take an étale cover Y ։ X of finite presentation with Y a scheme and replace X by Y to reduce to the scheme case, which is settled by [EGA IV 3 , 9.7.9] (see also [EGA III 1 , 0.9.3.1]). Proposition 2.12. Fix a set I. For i P I, let R i be a Henselian local ring with finite residue field F i . For a smooth p ś i R i q-group algebraic space F of finite presentation, the pullback map
Proof. The last sentence follows from the rest due to Lemma 2.9.
For a fixed d P Z ą0 , let R 1 i be the Henselian local finite étale R i -algebra that corresponds to the residue field extension [SP, 05YF] . The adjunction map ι : F Ñ H is a monomorphism, so Q :" H{ιpFq is an R-algebraic space by [SP, 06PH] .
Claim 2.12.1. Both H and Q are smooth and of finite presentation over R. 
Fq is bijective for n " 0 and injective for n " 1, so Claim 2.12.2 settles the n ď 1 case.
Suppose from now on that n ě 2 and F is commutative, so ś i H n pR i , Fq " 0 by Lemma 2.9. We argue the remaining vanishing of H n pR, Fq by induction on n (using the settled bijectivity in the n " 1 case to get started).
Fix an α P H n pR, Fq. Lemma 2.1 applied to strict Henselizations of Spec R provides an étale cover p : Spec A ։ Spec R with α| A " 0. By Lemma 2.11, the fibral degrees of p are bounded by some m P Z ą0 , so for d :" m! the map p 1 : Spec R 1 Ñ Spec R factors through p. Thus, α| R 1 " 0, and the acyclicity of p 1˚s upplied by [SGA 4 II , VIII, 5.5] proves that H n pR, Fq Ñ H n pR, Hq kills α. Claim 2.12.1 and the inductive hypothesis provide the isomorphisms in
so a diagram chase proves that α " 0.
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Theorem 2.13. For a smooth A PΣ K -group algebraic space G of finite presentation, the comparison map
of (2.3.2) is bijective for n ď 1, and also for n ě 2 if G is commutative. For n ě 2, (2.13.1) reduces to H n pA PΣ K , Gq -À vPΣ H n pK v , Gq; the same holds for n " 1 if G Ñ Spec A PΣ K has connected fibers.
Proof. Apply Lemma 2.2 to ensure that O v q show that (2.3.1) is bijective, so the bijectivity of (2.3.2) (i.e., of (2.13.1)) follows. For the last claim use the vanishing aspect of Proposition 2.12.
Corollary 2.14, mentioned to us by Bjorn Poonen, motivated working out Theorems 2.13 and 2.17.
Corollary 2.14. The Albert-Brauer-Hasse-Noether exact sequence from global class field theory may be rewritten as
Proof. Theorem 2.13 with G " G m gives H 2 pA K , G m q -À v BrpK v q, which allows us to apply [Gab81, Ch. II, Thm. 1 on p. 163] to conclude that also BrpA K q -H 2 pA K , G m q.
We turn to the remaining input to Theorem 2.17.
Lemma 2.15. For a K-group scheme G of finite type, there is a d P Z ą0 , a nonempty open U Ă S, and a model G Ñ U of G Ñ Spec K such that for every v P U there is an extension
Proof. We begin with some preliminary observations.
(1) For a nonarchimedean local field k, its ring of integers o, and a finite étale o-group scheme F, there is an extension k 1 {k of degree p#Fq! for which H 1 po, Fq Ñ H 1 po 1 , Fq vanishes (where o 1 is the ring of integers of k 1 ).
Proof. An unramified extension of degree p#Fq! suffices.
(2) If a finite F in (1) is not assumed to be étale but instead k is of characteristic p ą 0 and F k is connected, then the same conclusion holds with p#Fq! replaced by p p#F q! .
Proof. By the valuative criterion of properness, H 1 po, Fq Ñ H 1 pk, Fq is injective. Thus, the claim results from the vanishing of H 1 pk, Fq Ñ H 1 pk 1{p p#F q! , Fq supplied by [Čes14c, 5.7 (b)].
(3) For k and o as in (1) and C a smooth o-group scheme with connected fibers, H 1 po, Cq " t˚u.
Proof. This is a special case of Lemma 2.9.
By [SGA 3 I new , VI B , 1.6.1 et VII A , 8.3], G is an extension of a smooth K-group r G by a finite connected K-group N . In turn, r G is an extension of its finite étale component group by the smooth identity component r G 0 . A short exact sequence of finite type K-groups spreads out, as does smoothness, finiteness, étaleness, or fibral connectedness of its terms (the latter by [EGA IV 3 , 9.7.8]), so the nonabelian cohomology exact sequences combine with (1)-(3) to prove the claim. Proposition 2.16. For n " 1 and G " G A PΣ K with G a K-group scheme of finite type, the comparison map (2.3.2) is bijective.
Proof. Let d P Z ą0 and a model G Ñ U of G Ñ Spec K be as provided by Lemma 2.15. Shrink U to assume that G Ñ U is of finite presentation. For a Σ 0 containing all the places of Σ outside U , set
. Due to Proposition 2.5, the surjectivity of (2.3.1) argued below will suffice.
To simplify the notation we may and do assume that Σ 1 0 " Σ 0 in (2.3.1). Thanks to the decomposition SpecpA PΣ
O v q, we may focus on the surjectivity of 
O v is a finite modulefree extension of degree d and that the following natural homomorphisms are isomorphisms:
v q that gives rise to T v . Lemma 2.4 and the displayed bijections assemble the g v to a descent datum g P Gp ś
By construction, the class of the G-torsor that results from g maps under (2.16.1) to the tuple whose v-component is the class of T v . In conclusion, (2.16.1) is surjective.
Theorem 2.17. For a K-group scheme G of finite type, the comparison map
of (2.3.2) is bijective for n ď 1, and also for n ě 2 if G is commutative. For n ě 2, (2.17.1) reduces to H n pA PΣ K , Gq -À vPΣ H n pK v , Gq; the same holds for n " 1 if G is connected and smooth.
Proof. Propositions 2.5 and 2.16 supply the bijectivity in the n ď 1 case, so we assume that n ě 2.
By [Čes14c, 6.4], G is a closed subgroup of a K-group scheme H that is of finite type, smooth, and commutative. By [SGA 3 I new , VI A , 3.2], H{G is a K-group scheme that inherits these properties of H. The exact sequence 0 Ñ G Ñ H Ñ H{G Ñ 0 spreads out to an exact sequence of finite type models over a nonempty open U Ă S, so the five lemma allows us to deduce the claimed bijectivity for G from the bijectivity in the smooth case established in Theorem 2.13.
For the last sentence, Theorem 2.13 suffices in the n " 1 case. In the n ě 2 case, shrink U to assume that the U -models of H and H{G are smooth. Then combine [Gro68, 11.7 2˝q] with the five lemma to get H n pO v , Gq -H n pF v , Gq for v P U , where G is the chosen U -model of G. It remains to note that H n pF v , Gq " 0 by Lemma 2.7 (e).
Lemma 2.18. Let G be a finitely presented A PΣ K -group algebraic space, n P Z ě0 , and assume that (1) n " 0, and G is separated; or (2) n " 1, and G is either smooth with connected fibers or proper; or (3) n ě 2, and G is commutative.
Use Lemma 2.2 to enlarge a Σ 0 of §2.3 to ensure that
inherits the assumed properties of G Ñ Spec A PΣ K . Then the pullback map H n pO v , G Σ 0 q Ñ H n pK v , Gq is injective for every v P ΣzΣ 0 , the resulting restricted product ś 1 vPΣ H n pK v , Gq does not depend on the choices of Σ 0 and G Σ 0 , and ś 1 vPΣ H n pK v , Gq identifies with the target of the comparison map (2.3.2).
Proof. The injectivity follows from the valuative criterion of separatedness [SP, 03KU] , Lemma 2.9, and the valuative criterion of properness [SP, 0A40] applied to the algebraic space parametrizing isomorphisms between two fixed pG Σ 0 q Ov -torsors for v P ΣzΣ 0 . The independence follows from the second sentence of §2.3. The last claim follows from the rest.
We conclude with the promised restricted product conclusion:
Theorem 2.19. Let G be a finitely presented A PΣ K -group algebraic space, n P Z ě0 , and assume that (1) n " 0, and G is separated; or (2) n " 1, and G satisfies any of the following: is G A PΣ K for a proper K-group scheme G, is smooth with connected fibers, or is smooth and proper; or (3) n ě 2, and G is commutative and either G A PΣ K for a K-group scheme G or smooth.
Then the comparison map (2.3.2) reduces to a bijection towards the restricted product of Lemma 2.18:
Proof. Combine Lemma 2.18 with Proposition 2.5 and Theorems 2.13 and 2.17.
Topology on cohomology of the adeles
The results of §2 are useful in the study of a natural topology carried by cohomology of the adeles. This topology plays an important role in the arithmetic duality proofs of § §4-6, so in §3 we gather the topological input needed for those proofs. For completeness, we also include several results that are not used in this paper but that seem indispensable to a robust topological theory.
Topology on
) and use Lemma 2.2 to ensure the A PΣ K,Σ 0 -flatness of G Σ 0 . For n ď 1, and also for n ě 2 if G is commutative, each H n pK v , Gq with v P Σ and each H n pO v , G Σ 0 q with v P ΣzΣ 0 carries a "v-adic" topology defined as in [Čes14c, 3.1-3.2]. Each pullback map
is continuous and open by [Čes14c, 3.4 (c), 2.7 (viii), and 2.9 (e) (with A.2 (b))] (with Lemma 2.8 for the required separatedness of pG Σ 0 q Fv ). Thus, lim Ý ÑΣ 1 0´ś
H n pO v , G Σ 0 q¯, which carries the direct limit topology of product topologies, has open transition maps, and the maps ź
are open, too. We endow H n pA PΣ K , Gq with the preimage topology via the comparison map
of (2.3.2). By the second sentence of §2.3, the topology on the target of (3.1.3) does not depend on the choices of Σ 0 and G Σ 0 , and hence neither does the topology on H n pA PΣ K , Gq.
Remarks.
3.2. See Theorems 2.13 and 2.17 for some settings in which the map (3.1.3) is bijective.
3.3. For n " 0 and G " G A K with G a K-group scheme of finite type, the topology of §3.1 recovers the usual adelic topology on GpA K q discussed, for instance, in [Con12b, §4] .
Under appropriate assumptions, the target of (3.1.3) identifies with a restricted product:
Proposition 3.4. Let G be a flat A PΣ K -group algebraic space of finite presentation and n P Z ě0 . (a) If either of the conditions (1)-(3) of Lemma 2.18 holds, then the restricted product topology on ś 1 vPΣ H n pK v , Gq does not depend on the choice of Σ 0 and G Σ 0 and the resulting identification of the target of (3.1.3) with ś 1 vPΣ H n pK v , Gq is a homeomorphism. 
Proof. Combine the openness of (3.1.1)-(3.1.2) with their injectivity supplied by Lemma 2.18.
In Propositions 3.5 to 3.9, we record several properties of the adelic topology of §3.1.
Proposition 3.5. Let G and G 1 be flat A PΣ K -group algebraic spaces of finite presentation. (a) For n ď 1, and also for n ě 2 if G and G 1 are commutative, the map
For n ď 1, and also for n ě 2 and G and G 1 are commutative, the maps of (a) induce a homeomorphism
For n " 0, and also for n ě 1 if G is commutative, H n pA PΣ K , Gq is a topological group.
Proof. Let G Σ 0 and G 1
-descents of G and G 1 as in §3.1.
(b) The bijections in question are continuous by (a). Their openness reduces to that of similar bijections for the targets of (3.1.3). The openness of (3.1.2) reduces further to proving the openness of similar bijections for the sources of (3.1.2). For this, openness of
and of (c) To check the continuity of the multiplication and the inverse of H n pA PΣ K , Gq proceed similarly to the proof of (b) to reduce to the analogous continuity for H n pO v , G Σ 0 q with v P ΣzΣ 0 and for H n pK v , Gq with v P Σ and then apply [Čes14c, 3.4 (c), 3.5, and 3.7 (a)].
Proposition 3.6. Let G be a flat A PΣ K -group algebraic space of finite presentation, T a right Gtorsor, and T G :" Aut G pT q the resulting inner form of G. Twisting by T induces a homeomorphism
.3] is a homeomorphism for R " O v with v P ΣzΣ 0 and for R " K v with v P Σ. Thus, twisting by T Σ 0 induces a bijection
that is a homeomorphism compatible with the maps (2.3.2). The claim follows.
Proposition 3.7. For an A PΣ K -group algebraic space G of finite presentation, if (1) n " 1, and G is smooth with connected fibers; or (2) n ě 2, and G is commutative and either G A PΣ K for a K-group scheme G or smooth,
Proof. By Proposition 3.4 (b) and Lemma 2.9 (with Lemma 2.2), H n pA PΣ K , Gq -À vPΣ H n pK v , Gq both algebraically and topologically. By [Čes14c, 3.4] , every singleton of
We do not mention the n ě 2 cases explicitly in Propositions 3.8, 3.9 and 3.11-for such n we have nothing to add to what Proposition 3.7 (2) has to offer.
(b) Let U 1 range over the open subsets of U that contain S´Σ.
Claim 4.4.3. For each U 1 , one has #X n pG U 1 q ď #X n pGq.
Proof. Use (a) to reduce to the n " 1 case. Then apply [Čes13, 4.3 ] to get the Cartesian square
which leads to the inclusion X 1 pG U 1 q Ă X 1 pGq.
By Lemma 2.1, H n pS´Σ, Gq " lim Ý ÑU 1 H n pU 1 , G U 1 q, so a fixed x P X n pGq comes from X n pG U 1 q for every small enough U 1 . Thus, (a) and Claim 4.4.3 prove the finiteness of X n pGq and supply a U 1 that works for every x. Shrink this U 1 until #X n pG U 1 q " #X n pGq to arrange X n pG U 1 q -X n pGq. Rename the new U 1 to U and repeat the same steps with G replaced by H to arrive at a desired small enough U .
(c) Combine (a) and (b).
4.5. Lemma 4.4 (b) implies in particular that fixed x, y P H n pS´Σ, Gq have the same pullback to every H n pK v , Gq with v P Σ as soon as such pullbacks agree for v in some large finite subset of Σ. To see this, choose U in Lemma 4.4 (b) so that x and y come from H n pU, Gq and let the places outside U comprise the subset in question. The exactness of (5.1.1) and the continuity of its maps follow. The claim about the injectivity of loc 0 pGq and the surjectivity of loc 0 pHq˚follows from Lemma 4.4 (c) and (5.1.3).
Remarks.
5.2. The maps in (5.1.1) are strict (i.e., the quotient and subspace topologies on their images agree): for loc n pGq, use Proposition 4.11; for loc n pHq˚, use (5.1.2) and (5.1.3); for the curved arrows, also use the finiteness of X 2´n pHq˚supplied by Lemma 4.4 (c).
5.3.
If pS´Σq " S and either K has no real places or #G is odd, then (5.1.1) recovers dualities between H 1 pS, Gq and H 2 pS, Hq and between H 2 pS, Gq and H 1 pS, Hq.
Cassels-Poitou-Tate
The Cassels-Poitou-Tate sequence alluded to in the section title is presented in Theorem 6.2. It relates certain Selmer subgroups of H 1 pS´Σ, Gq to those of H 1 pS´Σ, Hq. For its proof, which is based on the Poitou-Tate sequence (5.1.1), topological considerations facilitated by the results of § §3-4 are key even in the number field case because H 1 pA PΣ K , Gq need not be discrete when Σ is infinite. In the case of finite Σ, Theorem 6.2 was proved in [Čes14a, 4.2] . Although the proof below goes along the same lines, it does not seem possible to directly reduce to this special case.
Throughout §6 we continue to assume the setup of §4.3. 
